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Abstract
We study the dynamical behavior of the dilaton in the background of three-
dimensional Kerr-de Sitter space which is inspired from the low-energy string
eective action. The Kerr-de Sitter space describes the gravitational back-
ground of a point particle whose mass and spin are given by 1−M and J and
its curvature radius is given by `. In order to study the propagation of metric,
dilaton, and Kalb-Ramond two-form, we perform the perturbation analysis
in the southern diamond of Kerr-de Sitter space including a conical singu-
larity. It reveals a mixing between the dilaton and other unphysical elds.
Introducing a gauge-xing, we can disentangle this mixing completely and
obtain one decoupled dilaton equation. However it turns out to be a tachyon
with m2 = −8/`2. We compute the absorption cross section for the dilatonic
tachyon to extract information on the cosmological horizon of Kerr-de Sitter
space. It is found that there is no absorption of the dilatonic tachyon in the





Recently an accelerating universe has proposed to be a way to interpret the astronomical
data of supernova [1{3]. The inflation is employed to solve the cosmological flatness and
horizon puzzles arisen in the standard cosmology. Combining this observation with the need
of inflation leads to that our universe approaches de Sitter geometries in both the innite
past and the innite future [4{6]. Hence it is very important to study the nature of de Sitter
(dS) space and the dS/CFT correspondence [7]. However, there exist diculties in studying
de Sitter space. First there is no spatial innity and global timelike Killing vector. Thus it is
not easy to dene the conserved quantities including mass, charge and angular momentum
appeared in asymptotically de Sitter space. Second the dS solution is absent from string
theories and thus we do not have a denite example to test the dS/CFT correspondence.
Third it is hard to dene the S-matrix because of the presence of the cosmological horizon.
Accordingly most of works on de Sitter space were concentrated on a free scalar prop-
agation and its quantization [8{12]. Also the bulk-boundary relation for the free scalar
was introduced to study the dS/CFT correspondence [13]. Hence it is important to nd a
model which can accommodate the de Sitter space solution. In this work we introduce an
interesting de Sitter model which is motivated from the low-energy string action in (2+1)-
dimensions [14]. This model includes a nontrivial scalar so-called the dilaton1. Recently we
used the dilaton to investigate the nature of the cosmological horizon in de Sitter space [17].
It is well known that the cosmological horizon is very similar to the event horizon in the
sense that one can dene its thermodynamic quantities of a temperature and an entropy
using the same way as is done for the black hole. Two important quantities to understand the
black hole are the Bekenstein-Hawking entropy and the absorption cross section (greybody
factor). The former species intrinsic property of the black hole itself, while the latter
relates to the eect of spacetime curvature surrounding the black hole. We emphasized
here the greybody factor for the black hole arises as a consequence of scattering o the
gravitational potential surrounding the event horizon [18]. For example, the low-energy s-
wave greybody factor for a massless scalar has a universality such that it is equal to the
area of the horizon for all spherically symmetric black holes [19]. This can be obtained by
solving the wave equation explicitly. The entropy for the cosmological horizon was discussed
in literature [20{22]. However, there exist a few of the wave equation approaches to nd
the greybody factor for the cosmological horizon [11,12,17]. A similar work for the four-
dimensional Schwarzschild-de Sitter black hole appeared in [23] but it focused mainly on
obtaining the temperature of the eternal black hole. Also the absorption rate for the four-
dimensional Kerr-de Sitter black hole was discussed in [24].
In this paper we compute the absorption cross section of the dilaton in the background
of three-dimensional Kerr-de Sitter space with the cosmological horizon. For this purpose
we rst conne the wave equation only to the southern diamond where the time evolution of
waves is properly dened even though it contains a conical singularity at r = 0. We mention
1Previously we are interested in the Kerr-anti de Sitter space like the BTZ black hole [15]. In the
BTZ black hole and the three-dimensional black string, the role of the dilaton was discussed in ref.
[16].
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that the Kerr-de Sitter as a quotient of de Sitter space [9] is not appropriate for studying the
dilaton wave propagation in the southern diamond because the time coordinate is periodic
in the picture. This is useful for the study of thermal states and dS/CFT correspondence.
Hence we study the perturbation in the background of Kerr-de Sitter space itself. First we
obtain approximate solutions at r = ir(−), 0, r+, where r = ir(−) are complex locations
and r = r+ is the location of the cosmological horizon. Then we solve the wave equation
explicitly to nd the greybody factor by transforming it into a hypergeometric equation.
The organization of this paper is as follows. In section II we briefly review our model
inspired from the low-energy string action and its Kerr-de Sitter solution. We introduce the
perturbation to study the propagation of elds in the background of Kerr-de Sitter space
in section III. In section IV we solve the wave equation for the dilatoic tachyon. In section
V we calculate the absorption cross section of the dilatonic tachyon explicitly. Finally we
discuss our results in section VI.
II. KERR-DE SITTER SOLUTION









where  is the dilaton, Hµνρ = 3∂[µBνρ] is the Kalb-Ramond eld, and k is related to the
cosmological constant. This action was widely used for studying the BTZ black hole (Kerr-
anti de Sitter solution) and the black string [16]. Although k was originally proposed to be
positive for the anti-de Sitter physics, we choose it to be negative by analytic continuation
of ` ! i`. Then the above action is suitable for studying the eld propagation in de Sitter
space. Because the dS solution may be absent from string theories, the above action is





ν = 0, (2)




H2 = 0, (3)
rµHµνρ + (rµ)Hµνρ = 0. (4)
The Kerr-de Sitter solution to Eqs.(2)-(4) is found to be [9,17]
Htxr = −i2r
`
,  = 0, k = −2`2,
gµν =







with the metric function f 2 = M−r2/`2 +J2/4r2. The above Kerr-de Sitter solution can be
obtained from the BTZ black hole [15] by replacing both M and `2 by −M and −`2. One
may worry about the pure imaginary value of the Kalb-Ramond eld in Eq.(5). However,
in the description of (Kerr)-de Sitter space in terms of a SL(2,C) Chern-Simons theory, the
3
gauge eld Aµ is usually given by the complex [20]. Hence we have no doubt of choosing an













with M = (r2+ + r
2
−)/`
2 = (r2+ − r2(−))/`2 and J = 2r+r(−)/`. Here M is the mass of Kerr-de
Sitter space with the cosmological horizon at r = r+ and J is the angular momentum of
it. For convenience we introduce r2−  −r2(−)(r2(−) > 0) due to r2− < 0 in Kerr-de Sitter
space. This means that r− = ir(−) becomes purely imaginary and thus there exist only
a cosmological horizon at r = r+. This point contrasts to that of the BTZ black hole
because the latter has two real horizons called the event(outer) horizon and Cauchy(inner)
horizon. As is shown in Fig. 1, the Kerr-de Sitter solution is more similar to the eternal
AdS-Schwarzschild black hole than the BTZ black hole.
FIG. 1. The upper/lower horizontal boundaries are future null innity (I+)/past null innity
(I−) of r = 1. For AdS-black hole, the horizontal lines belong to spacelike singularity of r = 0.
The vertical lines are spacelike singularity of r = 0 for Kerr-de Sitter spacetime, while these are
timelike innity of r = 1 for AdS-black hole. For Kerr-de Sitter spacetime, we call two regions
with 0  r  1 as northern diamond (ND) and southern diamond (SD). An observer at r = 0
is surrounded by a cosmological horizon r = r+. Two regions with 1  r  1 are called future
triangle (FT) including I+ and past triangle (PT) including I−. The correct wave propagation
is possible only in the southern diamond because a timelike Killing vector ∂/∂t is future-directed
only in this region. The arrow(!) is the flow direction generated by the timelike Killing vector.
Two of Kerr-de Sitter and AdS-black hole do not have a global timelike Killing vector.
There is no black hole horizon for three-dimensional Kerr-de Sitter space because the
black hole degenerates to a conical singularity at the origin r = 0. This space corresponds
to the gravitational background of a point particle at r = 0 in de Sitter space whose mass
and spin are given by M and J , and the curvature radius of de Sitter space is given by
`. Although this singularity gives rise to some diculties to analyze the wave equation in
the southern diamond (SD) of Kerr-de Sitter space, we introduce an observer within SD
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for our purpose. In this work we mainly consider the cosmological horizon with interest.
For reference, we list the particle mass M, Hawking temperature Tc, area of cosmological
horizon Ac, and angular velocity at the horizon Ωc as
M = 1−M, Tc = (r2+ + r2(−))/2pi`2r+, Ac = 2pir+, Ωc = J/2r2+ (7)
which are measured by an observer at r = 1. For M = 1, J = 0 case, one nds de Sitter
solution which gives us with rc = ` and r− = 0
M = 0, Tc = 1/2pi`, Ac = 2pi`, Ωc = 0. (8)
III. PERTURBATION AROUND KERR-DE SITTER SOLUTION
To study the propagation of all elds in Kerr-de Sitter space specically, we introduce
the small perturbation elds [16]
Htφr = Htφr +Htφr,  = 0 + ϕ, gµν = gµν + hµν (9)
around the background solution of Eq.(5). Here Htφr = ∂[tBφr]. For convenience, we in-
troduce the notation h^µν = hµν − gµνh/2 with h = hρρ. And then one needs to linearize
Eqs.(2)-(4) to obtain












2 HµρσHµρσ − 3 Hµρσ Hαρσhµα
}
= 0, (11)
rµHµνρ − ( rµh νβ ) Hµβρ + ( rµh ρβ ) Hµβν − ( rµh^µα) Hανρ + (∂µϕ) Hµνρ = 0, (12)
where the Lichnerowicz operator δRµν(h) is given by
δRµν = −1
2
r2hµν + Rσ(νhσµ) − Rσµρνhσρ + r(ν rjρjh^ρµ). (13)
These belong to the bare perturbation equations. It is desirable to examine whether we
choose the physical perturbation by introducing a gauge which can simplify Eqs.(10)-(12)
signicantly. For this purpose we wish to count the physical degrees of freedom rst. A
symmetric traceless tensor has components of D(D+1)/2{1 in D-dimensions. D of them are
eliminated by the gauge condition. Also D{1 are eliminated from our freedom to take further
residual gauge transformations. Thus gravitational degrees of freedom are D(D+1)/2{1{D{
(D{1)=D(D{3)/2. In three dimensions we have no propagating degrees of freedom for metric
fluctuation hµν . Also the Kalb-Romond two-form Bµν has no physical degrees of freedom for
D=3. Hence the physical degree of freedom in the Kerr-de Sitter solution is just the dilaton
ϕ.
Considering the t and φ-symmetries of the background spacetime Eq.(5), we can decom-
pose hµν into frequency (ω) and angular (µ = 0, 1, 2,   ) modes in these variables
hµν(t, φ, r) = e
−iωteiµφHµν(r). (14)
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For simplicity, one chooses the same perturbation as in Eq.(14) for Kalb-Ramond eld and
dilaton as
Htφr(t, φ, r)= HtφrH(t, φ, r) = Htφre−iωteiµφ ~H(r), (15)
ϕ(t, φ, r)= e−iωteiµφ ~ϕ(r). (16)
We stress again that this choice is possible only for D=3 because hµν andHµνρ are redundant
elds. Since the dilaton is only a propagating mode, we focus on the dilaton equation (11).




(h− 2H) = 0. (17)
We wish to decouple h and H from the above ϕ-equation by making use of gauge-xing
and the Kalb-Ramond equation. If we start with full six degrees of freedom of Eq.(14),
we should choose a gauge. Conventionally, we choose the harmonic gauge ( rµh^µρ = 0) to
describe the propagation of gravitons in D>3 dimensions [25]. A mixing between the dilaton
and other elds of h,H can be disentangled with the harmonic gauge condition. Here we
wish to introduce the dilaton gauge ( rµh^µρ = hµνΓρµν) for simplicity. Actually this gauge
was designed for the study of the dilaton propagation [26]. We attempt to disentangle the
last term in Eq.(17) by using both the dilaton gauge and Kalb-Ramond equation (12). Each
component (ρ = t, φ, r) of the dilaton gauge condition gives rise to
t : (∂r +
1
r




iµhgtφ = 0, (18)
φ : (∂r +
1
r




iµhgφφ = 0, (19)
r : (∂r +
1
r
)hrr − iωhrt + iµhrφ − 1
2
(∂rh)g
rr = 0. (20)
And each component (ν, ρ) of the Kalb-Ramond equation (12) leads to













r − iµhφr = 0, (21)




2hφr − ∂rhrφ + iωhtφ = 0, (22)










t = 0. (23)
Solving six equations (18)-(23) simultaneously, one nds one constraint only
∂µ(2φ + 2H− h) = 0, µ = t, φ, r (24)
which leads to h − 2H = 2ϕ. This means that h and H becomes redundant if one follows
the perturbations along Eqs.(14)-(16). It conrms that our counting for degrees of freedom
is correct. We note here that the harmonic gauge with the Kalb-Ramond equation (12)





ϕ = 0 (25)






















~ϕ = 0, (26)
It is noted from Eq.(25) that if the last term is absent, it corresponds to the wave equation
of a freely massive scalar in Kerr-de Sitter space. Comparing this dilaton equation with the
freely massive scalar equation in Kerr-de Sitter space
r2ϕm −m2ϕm = 0, (27)
the dilaton propagates on Kerr-de Sitter space with the negative mass square of m2ϕ = −8/`2.
In Kerr-anti de Sitter space of the BTZ black hole, this is a good test eld with m2ϕ = 8/`
2.
However the dilaton turns out to be a tachyon in the Kerr-de Sitter space background.
Although in anti de Sitter space, the physical role of the tachyon is not clear, the dilatonic
tachyon plays an important role in the study of the de Sitter physics [17]. Hence we have
to do a further study for the tachyonic dilaton in the Kerr-de Sitter background.
IV. SOLUTION TO WAVE EQUATION
It is not easy to solve the wave equation, Eq.(26), of the dilaton exactly on the southern
diamond including the cosmological horizon (r = r+) and the origin (r = 0). The main
diculty comes from the fact that the black hole horizon degenerates to give a conical
singularity at r = 0. In other words, the Kerr-de Sitter solution represents a spinning
point mass 1 −M and spin J within de Sitter space. Before solving Eq.(26), we present
approximate solutions around r = 0, r2 = −r2(−) and r = r+. For this purpose, see Fig. 2.




























































(r2+ − r2)2(r2 + r2(−))2
[










(r2+ − r2)(r2 + r2(−))
. (30)
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FIG. 2. In de Sitter spacetime, r = 0 is just a coordinate origin and r = rc = ` is a position
of the cosmological horizon. On the other hand, for J 6= 0 (Kerr-de Sitter space) r = 0 becomes
a conical singularity where a spinning source exists. Instead a role of r = 0 in de Sitter space
is split into r = ir(−) (r2 = −r2(−)) in Kerr-de Sitter space. That is, if J ! 0, ir(−) ! 0.
Further r = r+ is a position of the cosmological horizon for J 6= 0. Hence, to solve the wave
equation explicitly, one introduces a coordinate z = r2/`2(0  z  1) for de Sitter case, whereas













located between z = 0 and z = 1. Even though this complex picture (b) seems to be
unphysical, it is useful for solving the wave equation in Kerr-de Sitter space.
A. Approximate Solution around r = 0















































~ϕ00 − C0r2 ~ϕ0 = 0, (34)










This reflects that r = 0 is a conical singularity, where a spinning source with J 6= 0 exists.
In this sense Kerr-de Sitter space is dierent from de Sitter space. In the limit J ! 0, this




B. Approximate Solution around r2 = −r2(−)
In this region, r is pure imaginary. It can be understood that r is analytically extended
here. We can split the limit r2 ! −r2(−) into r ! ir(−) and r ! −ir(−). We consider the











r − ir(−) (36)


































Hence Eq.(28) is approximated around r = ir(−) as
~ϕ00−+ +
1






















Here we have C− > 0 and in the de Sitter limit, C− ! µ2/4. Eq.(38) has the solution
~ϕ−+ = A−+(r − ir(−))
p





C− ln(r−ir(−)) + B−+e−
p
C− ln(r−ir(−)). (40)







































~ϕ−− ’ 0. (43)
The solution to Eq.(43) is the same form as in Eq.(40),
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~ϕ−− = A−−(r + ir(−))
p





C− ln(r+ir(−)) + B−−e−
p
C− ln(r+ir(−)). (44)
Taking the limit of r(−) ! 0 (J ! 0), Eqs.(40) and (44) give the same solution for consis-
tency, which implies that
A−+ = A−−  A−,
B−+ = B−−  B−. (45)
Using these, we express Eqs.(40) and (44) as
~ϕ−+ = A−(r − ir(−))
p





C− ln(r−ir(−)) + B−e−
p
C− ln(r−ir(−)), (46)
~ϕ−− = A−(r + ir(−))
p






C− ln(r+ir(−)) + B−e−
p
C− ln(r+ir(−)). (47)









~ϕ−0 = 0, (48)























This approximate solution is obtained by taking the limit r(−) ! 0, followed after r ! 0.









~ϕ0− = 0. (50)















Hence the order of taking a limit is important to derive the correct solution.
C. Approximate Solution around r = r+
















































Hence Eq.(28) is approximated around r = r+ as
~ϕ00+ −
1























We assume that C+ > 0 for our purpose. This is valid because in the de Sitter limit of
J ! 0, r+ ! `, M ! 1, one nds that C+ ! ω2`2/4 > 0. Then Eq.(54) has the travelling
wave solution
~ϕ+ = A+(r+ − r)i
p






C+ ln(r+−r) + B+e−i
p
C+ ln(r+−r). (56)
D. Exact Solution for the whole region




























z(1− z) = 0, (57)
where m2ϕ`
2 = −8, C+ and C− are dened in Eqs.(55) and (39). Note that z ! 0 corresponds
to r ! ir(−). With a new function ~ϕ = zα(1− z)β ϕ, Eq.(57) can be transformed into
z(1− z) ϕ00 + [1 + 2α− (2 + 2α + 2β)] ϕ0
−
[










ϕ = 0. (58)





C+. Other choices of α and β are irrelevant to our purpose [12]. Then a normalizable


































c = 1 + 2
√
C− (62)
and an arbitrary constant E0. If we take the de Sitter limit (J ! 0, M ! 1, r+ ! `), the
















(1 + µ + iω`−
√
1−m2ϕ`2), (64)
c! 1 + µ.
We transform Eq.(59) to a region around z = 1 using the relation between the hyperge-
ometric functions
F (a, b, c; z) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)F (a, b, a + b− c + 1; 1− z) (65)
+
Γ(c)Γ(a + b− c)
Γ(a)Γ(b)
(1− z)c−a−bF (c− a, c− b,−a− b + c + 1; 1− z).
Using 1−z ’ 2r+(r+− r)/(r2+ + r2(−))= 2r+/(r2+ + r2(−))eln(r+−r), one nds from Eqs.(59) and
(56) the following form :
~ϕz!1  ~ϕin + ~ϕout = A+ei
p
C+ ln(r+−r) + B+e−i
p
C+ ln(r+−r), (66)

























Γ(c)Γ(a + b− c)
Γ(a)Γ(b)
(68)
Note that A+ = B

+ if E0 is chosen to be real. Because we nd jA+/B+j = 1, two travelling
waves ( ~ϕine
−iωt, ~ϕoute−iωt) have amplitudes of the same magnitude. The absolute square
of the amplitude of the tachyonic dilaton must be proportional to the flux. As a result we
conclude that an outgoing ( ) wave is reflected back to give an ingoing (!) wave by the
potential. This interpretation is in accordance with the classical picture of what the particle
goes on [27]. Actually there is no wave propagating truly toward a conical singulaity.
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V. NO ABSORPTION CROSS SECTION
The absorption coecient by the cosmological horizon is dened by the ratio of the
outgoing flux at r = 0 to the outgoing flux at r = r+ as
A = Fout(r = r+)Fout(r = 0) . (69)
Since the wave function near r = 0 is real (see Eq.(35)), its flux should be zero (Fout(r =
0) = 0). Also Fout(r = r+) can be calculated as
Fout(r = r+) = 2pi
i
[ ~ϕout(r+ − r)∂r ~ϕout − ~ϕout(r+ − r)∂r ~ϕout]jr=r+ = 4pi
√
C+ jB+j2 . (70)
On the other hand, the ingoing flux at r = r+ takes the form
Fin(r = r+) = 2pi
i
[ ~ϕin(r+ − r)∂r ~ϕin − ~ϕin(r+ − r)∂r ~ϕin]jr=r+ = 4pi
√
C+ jA+j2 . (71)
Here we nd Fout(r = r+) = Fin(r = r+) because of jB+j = jA+j. This means that there
is no absorption of the tachyonic dialton in Kerr-de Sitter space. This is obvious because
there is no wave propagating truly toward a conical singulaity. This can be also checked by
the zero flux of Fout(r = 0) = 0. As a result, the absorption cross section σabs dened A/ω
in three dimensions is zero,
σabs = 0 (72)
even if one gets Fout(r = 0) = 0. One nds the same situation if one uses r = ir(−) instead
of r = 0 to calculate the denominator of Eq.(69).
VI. DISCUSSION
We study the wave equation of the tachyonic dilaton which propagates on the southern
diamond of three-dimensional Kerr-de Sitter space. We wish to point out that this space is
somewhat dierent from de Sitter space because it contains a conical singularity at r = 0.
First we nd approximate solutions at r = ir(−), 0, r+ to the wave equation. We compute
the absorption cross section to investigate its cosmological horizon by transforming the wave
equation into the standard hypergeometric equation. By analogy of the quantum mechanics
of the wave scattering under the potential step, it turns out that there is no absorption of
the tachyonic dilaton in Kerr-de Sitter space in the semiclassical approach. This means that
Kerr-de Sitter space is usually stable and in thermal equilibrium, unlike the black hole. The
cosmological horizon not only emits radiation but also absorbs that previously emitted by
itself at the same rate, keeping the curvature radius ` of Kerr-de Sitter space xed. This
can be proved by the relation of Fout(r = r+) = Fin(r = r+) and Fout/in(r = 0) = 0. This
exactly coincides with the wave propagation of the energy E under the potential step with
0 < E < V0 which shows the classical picture of what the particle goes on [27]. Here we
nd a nature of the eternal Kerr-de Sitter horizon [28], which means that its cosmological
constant  = 1/l2 remains unchanged, as like the eternal AdS-black hole [29].
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Finally we remark on a few of results. 1) A conical singularity at r = 0 is not so important
to derive our conclusion of no absorption in Kerr-de Sitter space. In Kerr-de Sitter space, a
role of the coordinate origin r = 0 in de Sitter space is replaced by not r = 0 but r = r(−).
2) In the black hole study we usually avoid a naked singularity by making use of the cosmic
censorship hypothesis. That is, the working region is from the event horizon to the innity.
However, in the de Sitter physics, we cannot avoid a singularity because our interesting
region is the southern diamond (SD) in Fig.1 which includes a conical singulaity. 3) In
this work we deal directly with a conical singularity to nd the absorption cross section of
the dilatonic tachyon. 4) Either the presence of a conical singularity (Kerr-de Sitter space)
or the absence of a conical singularity (de Sitter space) gives us the same zero absorption
cross section. This implies that a conical singularity does not aect on the absorption cross
section of any scalar wave with the mass square m2 including the dilatonic tachyon with
m2ϕ = −8/`2. In this sense the mass of a scalar wave does not play an important role in
propagation of Kerr-de Sitter space.
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